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ABSTRACT 
 
Title: Surface Boundary Conditions During Long-Term Climate Change 
Report No.: NWMO-TR-2015-16 
Author(s): Gordan Stuhne and W. Richard Peltier 
Company: University of Toronto 
Date: September 2015 
 
Abstract 
The latest version of the University of Toronto Glacial Systems Model (UofTGSM) was 
employed in the development of data sets describing the evolution of surface boundary 
conditions above a potential spent fuel repository over the course of a 122.5 kyr cycle of 
glaciation. The new data sets build increased confidence upon the previous UofTGSM-
generated data sets that Peltier (2006) supplied for this purpose.  The components of the 
UofTGSM have been updated to a framework reflecting the current state-of-the-art, and a new 
strategy has been adopted to preserve consistency with observations independently of 
detailed assumptions about ice-sheet dynamics. A mass-balance adjustment is employed to 
nudge the ice-thickness solution towards the observationally well-validated ICE-6G_C 
reconstruction, and dynamical variability can be analyzed in the context of ensembles with 
different exponential relaxation time-scales.  This approach is used to diagnose ice thickness, 
permafrost thickness, basal temperature, meltwater production, lake depth, and other two-
dimensional, time-varying fields from a reference solution along with corresponding local error 
estimates. Beyond reflecting significant numerical advances that enabled the new UofTGSM to 
better represent basal processes, ice-shelves, temperate ice-water mixtures and other 
physics, the new results benefit from the many new measurements that constrained ICE-6G_C 
(and therefore, indirectly, the nudged paleoclimate simulations).  Nudging offers a more 
practical approach to leading-order data assimilation and error estimation than Bayesian 
calibration, which was employed in Peltier (2006), and which will continue to be of use in more 
detailed explorations of observationally constrained model parameter spaces.  Rather than 
consisting of discrete time-series at the sites of hypothetical spent-fuel repositories, the new 
dataset also includes time-varying two-dimensional geographic distributions covering all of 
Canada. 
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1. INTRODUCTION

In a technical report and accompanying data sets previously submitted to NWMO, Peltier (2006)

discussed an ensemble of numerical simulations of the evolution of North American ice-sheets

over the last glacial cycle (∼100 kyr BP to present). The objective of these analyses was to pro-

vide a set of surface boundary conditions and corresponding error estimates for assessing the

potential effects of future ice age glaciation on an underground Deep Geologic Repository. The

simulations were carried out using an early version of the University of Toronto Glacial Systems

Model (UofTGSM), and the particular parameter selections defining the ensemble derived from the

application of a Bayesian calibration technique that tuned the model to observational constraints

involving radiocarbon-dated evidence of past relative sea levels and ice margins, as well as mod-

ern measurements of surface gravity and of the vertical motion of the solid surface (Tarasov and

Peltier, 1997, 1999, 2000, 2002, 2003, 2004) (hereafter TPxx). Results from the entire ensemble

were represented in terms of local time series of ice velocity, normal stress, basal temperature,

basal meltwater production, and proglacial lake depth at the site of interest, and in terms of global

time series of ice sheet volume and surface area. Selected solutions from the ensemble were also

used to represent the site-specific depth-time distribution of temperature in a lithospheric layer

(in order to assess permafrost depth), as well as the continental-scale distributions of ice-sheet

surface elevations (for glaciated areas) and proglacial lakes (for unglaciated areas).

Ice-sheet models have become considerably more sophisticated than the original UofTGSM,

and even the technology that is state-of-the-art as of the present day will likely evolve further

with an attendant proliferation in the number of “tunable” parameters. The simulated physics of

floating-ice shelves, grounding lines, and basal processes at the ice-sheet-solid surface interface

are particularly sensitive to poorly constrained parameterizations, and our lack of knowledge about

paleoclimatological conditions at the ice surface (specifically, temperature, precipitation, ablation,

etc.) also opens the door to the virtually unlimited expansion of model parameter spaces. This

Report describes the production of new boundary condition (BC) datasets in a framework that ad-

dresses the aforementioned issues while incorporating the latest observational data and updating

the UofTGSM framework based upon the current state-of-the-art in physical and computational

science. Beyond being derived from a more sophisticated ice-sheet dynamical approximation

and validated with respect to a more complete array of observational constraints, the new results

benefit from a fundamentally enhanced scientific approach that better captures the true empirical

uncertainties in the simulation of paleoclimate scenarios. Regardless of their level of sophistica-

tion, ice-sheet dynamical models fundamentally serve to determine ice-sheet thickness history,

I (Ω, t), through the universal two-dimensional ice conservation law:

∂I

∂t
+∇h ·Q (Ω, t; Π1, ... , Πn) = G (Ω, t; Π1, ... , Πn)

,

(1)
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in which Q (Ω, t; Π1, ... , Πn) and G (Ω, t; Π1, ... , Πn) denote the horizontal ice flux and source terms

of a generic ice-sheet model with dynamical parameters Π1, ... , Πn. The Bayesian techniques of

TPxx aimed to select Πi for consistency with observations, but their practical success was limited

by the a priori assumption of restrictive mathematical forms for ice flux, Q, and net mass balance,

G .

Rather than relying entirely upon a standard approach that determines paleoclimate BCs by

adjusting modern distributions of temperature and mass balance based upon ice-core records

of ancient δ18O distributions (Ritz et al., 1996), the new approach adjusts G in such a way as

to “nudge” ice thickness history, I (Ω, t), towards the observationally pre-validated ICE-6G C re-

construction (hereafter I6G) (Argus et al., 2014; Peltier et al., 2015). Along with the VM5a re-

construction of radially varying mantle viscosity, I6G derives from a pure glacial isostatic adjust-

ment (GIA)-based “inverse method” that fits I (Ω, t) independently of ice-sheet model assumptions

(Peltier, 1974, 1976a,b; Peltier and Andrews, 1976; Farrell and Clark, 1976; Clark et al., 1978;

Peltier et al., 1978; Peltier, 1998, 2007; Peltier et al., 2015). The details of a new approach that

reconciles GIA-based methods with ice-sheet dynamical modelling are described in Stuhne and

Peltier (2015) (SP), which also describes its validation with respect to the I6G reconstructions of

Greenland and Antarctica. Some of the key points from SP will be summarized in the following

Section, which also describes the setup and information content of the new ensemble of Canadian

glacial simulations. The Discussion considers how the dataset meets the scientific and technical

requirements of NWMO along with possible directions for further work. A summary of what has

been achieved will appear in the Summary and Conclusions.

2. METHODOLOGY AND DATA SETS

2.1 Nudging and Paleoclimate Mass Balances

The nudging procedure can be framed independently of the details of the ice-sheet dynamics by

rewriting the ice conservation equation (1) as follows: i.e.,

∂I

∂t
+∇h ·Q (Ω, t; Π1, ... , Πn) = G (Ω, t; Π1, ... , Πn) + ∆G (Ω, t; τf ) ,

∆G (Ω, t; τf ) = −
[I (Ω, t)− Ii6g (Ω, t)]

τf
,

(2)

in which the mass balance adjustment, ∆G , exponentially relaxes the evolving ice thickness, I ,

towards the I6G solution, Ii6g , at the time scale τf . This procedure, which borrows from stan-

dard techniques of multi-scale atmosphere-ocean modelling (e.g., Salameh et al., 2010), expands

the discrete parameter space of the original model with the single parameter τf . Not being fully

determined by the observational data that it is fit to and remaining subject to potential error and
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non-uniqueness, the Ii6g reconstruction also brings with it an implicit expansion of the continuous

parameter space of the original model. In this regard, however, it is much less open-ended than

the assumptions that ice-sheet dynamical models must make about ice-atmosphere, ice-surface,

and ice-ocean interactions in order to constrain the surface and basal components (Gs and Gb,

respectively) of net mass balance,

G = Gs + Gb,

which is further complicated by implicit contributions arising from numerical constraints that en-

force positive ice thickness and implement kinematic calving boundary conditions over paleocli-

mate time-scales (see SP for more mathematical details). Surface mass balance, Gs , is typically

adjusted in tandem with other paleoclimate BCs based on time series, δ18O (t), of 18O concen-

tration inferred from ice-core measurements. Surface temperature, Tsurf (Ω, t), and precipitation,

Psurf (Ω, t), are routinely assumed to deviate from modern (t = 0) climatology by the following

relations:
Tsurf (Ω, t) = Tsurf (Ω, 0) + ∆T (t)

Psurf (Ω, t) = Psurf (Ω, 0)× exp [η∆T (t)] ,

∆T (Ω, t) = α−1
c

[
δ18O (t)− δ18O (0)

] (3)

in which αc is an empirical constant relating globally constant temperature deviation, ∆T (t), to

the δ18O time-series and η is another empirical constant relating it to local precipitation change

(Ritz et al., 1996). Even granting that Eq. (3) allows for the inference of past climate change “close

to” the extraction sites of the Greenland Ice Core Project (GRIP) ice core on Greenland (Johnsen

et al., 1997) and the Vostok ice core on Antarctica (Petit et al., 2001), it is an oversimplification

to geographically extrapolate constant variations over the much larger scales of ice-sheet simu-

lations. The actual estimate of Gs becomes even more tenuous when the estimated paleoclima-

tological temperature and precipitation are passed through a positive degree day (PDD) scheme

that statistically models the balance between accumulation and ablation. Concerning the basal

component, Gb, of the mass balance G , still greater dimensions of uncertainty open up with the

need to estimate melting and freezing at the bases of floating ice shelves and at the interfaces be-

tween grounded ice sheets and the solid surface (e.g., Pollard and DeConto, 2009; Joughin et al.,

2014). Considering that the source term in Eq. (2) is underconstrained from the outset, it is more

fruitful to think of “nudged” rational dynamics as a mechanism for “smoothing,” or “correcting,” the

Ii6g reconstruction.

Since the Canadian ice-sheet was far removed from the sites where modern Greenland and

Antarctic ice cores were recovered, a more natural alternative to Eqs. (3) entails interpolating

suface temperature and precipitation between modern and last glacial maximum (LGM, t = tLGM ≈
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26ka BP) solutions from a coupled climate model (Marshall et al., 2000). Peltier (2006) based

the time-series of interpolation coefficients upon the Greenland 18O record, but it is most natural

in “nudged” simulations to infer climate states based upon the I6G-reconstructed North American

ice-sheet volume time series, V (t): i.e.,

Tsurf (Ω, t) = φ (t)Tsurf (Ω, 0) + [1− φ (t)]Tsurf (Ω, tLGM)

Psurf (Ω, t) = φ (t)Psurf (Ω, 0) + [1− φ (t)]Psurf (Ω, tLGM)

φ (t) =
V (t)− V (tLGM)

V (0)− V (tLGM)
,

(4)

in which φ (t) is the interpolation cofficient, V (0) is the modern volume (≈ 0) and V (tLGM) is the

LGM volume at tLGM ≈ −26 ka BP. The details of “fiat” assumptions along the lines of Eqs. (3) and

(4) are not particularly significant when combined with “nudging,” which would relax ice thickness

towards the GIA-based reconstruction for any reasonable choice of paleoclimate BCs. The de-

tailed tuning of mass balances inheres mostly in the prior reconstruction of Ii6g , but this study will

defer to past work in dynamical ice-sheet modelling by prescribing the “base” mass balance, G ,

consistently with Eqs. (3) for the Greenland and Antarctic validation studies of SP, and consistently

with Eqs. (4) for the Canadian glacial simulations described herein.

2.2 Ice-sheet Dynamical Model

Three-dimensional thermomechanical ice models determine Q in Eqs. (2) as a vertical integral of

velocity over the ice column: i.e.,

Q (Ω, t) =

∫ H

z=Bi

u (Ω, z , t) dz , (5)

in which Bi (Ω, t) and H (Ω, t) = Bi (Ω, t) + I (Ω, t) are the respective displacements of the ice

base and surface with respect to local sea level, and in which u (Ω, z , t) is a three dimensional

ice velocity vector that can be projected onto an horizontal polar stereographic coordinate system

addressed by the following notations: i.e.,

u (x, t) ≡


u

v

w

 (x , y , z , t) =


u1

u2

u3

 (x1, x2, x3, t)

= ux̂ + v ŷ + w ẑ = u1x̂1 + u2x̂2 + u3x̂3.

(6)

For polythermal (“cold”) ice, the most physically complete determination of velocity is achieved

through the Full Stokes (FS) model (e.g., Pattyn et al., 2008) that represents u in tandem with the
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scalar pressure and temperature fields (p (x , y , z , t) and T (x , y , z , t), respectively) as the solution

of the following system of partial differential equations: i.e.,

∇ · u = 0 ∇ · σi =
∂

∂xi
(p + ρigx3)

σi ≡ νεi εi ≡ ∇ui +
∂u

∂xi

ν = 1
2ε [εA (T , p)]−

1
n ε ≡

√√√√ 3∑
i=1

εi · εi

∂

∂t
[ρici (T )T ] +∇ · [ρici (T )Tu− κ∇T ] = 4νε2

(7)

in which g is accelleration due to gravity, ρi is the density of ice, εi and σi are the respective i th

rows of the strain rate and deviatoric stress tensors (for i = 1, 2, or 3), A (T , p) is a phenomeno-

logical “ice hardness” function that introduces thermodynamic effects into the Glen flow law for de-

termining plastic viscosity, ν, in terms of strain amplitude, ε, and an exponent, n, and κ and ci (T )

are the thermal diffusivity and temperature-dependent specific heat capacity of ice, respectively.

By using enthalpy instead of temperature in a more sophisticated analogue of the system (7), one

can achieve an even more complete FS model in which ice may exhibit not only polythermal re-

gions, but also temperate regions where it is at its pressure-dependent melting point, and where it

coexists with meltwater.

To integrate practical ice-sheet dynamical simulations over large space and time scales, the

FS equations (7) must in practice be completed with suitable BCs and subjected to various levels of

physical approximation before the resulting simplified equation systems are discretized and numer-

ically solved. Physical and numerical approximations raise complex issues which were discussed

at length in SP. The new UofTGSM is best regarded not as a single model with a fixed parameter

space, but as a framework for bringing a variety of approximations and numerical techniques to

bear on a phenomenon of interest. For purposes of the validation studies of Greenland and Antarc-

tica (SP) and the present calculation of Canadian surface BCs under glacial conditions, SP used

the coupled shallow-ice-shelfy stream approximation (SIA-SSA) implemented in the highly paral-

lelized, structured-grid-based dynamical core of the parallel ice sheet model (PISM) (Winkelmann

et al., 2011).

2.3 GIA-SLA Solution

In the definition (5) of the horizontal ice flux, the displacement of the ice base, Bi (Ω, t), depends

upon whether the ice column is grounded or floating, and Figure 1 clarifies the geometry of this

boundary in relation to the solid surface, B (Ω, t), the ice surface H (Ω, t), and the geoid. Bi (Ω, t)
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Figure 1: Schematic layout of the geometry of sea level, grounded ice, grounding lines,

and floating ice shelves.

can be determined as follows: i.e.,

Bi (Ω, t) =


−ρi I (Ω, t)

ρw
for floating ice where C (Ω, t) = 1

B (Ω, t) for grounded ice where C (Ω, t) = 0,

(8)

in which ρw is the density of water, B (Ω, t) is the displacement of the solid surface with respect

to the contemporary geoid (i.e., absolute sea level at time t), and C (Ω, t) is a binary indicator

function that masks out land and grounded ice based on Archimedes principle by vanishing where

B (Ω, t) +
ρi I (Ω, t)

ρw
≥ 0,

and taking the value of unity elsewhere. Along with other generic fields, Υ (Ω, t), associated with

the GIA-SLA problem, B (Ω, t) can be computed by integral convolution with the total water-ice

mass load, L (Ω, t), and the corresponding rotational load, T (Ω, t): i.e.,

Υ (Ω, t) =

∫ t

−∞

∫ ∫
Ω

[
L
(
Ω′, t ′

)
ΓΥ,L

(
Ω, Ω′, t − t ′

)
+ T

(
Ω′, t ′

)
ΓΥ,T

(
Ω, Ω′, t − t ′

)]
dΩ′dt ′,

(9)

in which the viscoelastic Green’s functions, ΓΥ,L (Ω, Ω′, t − t ′) and ΓΥ,T (Ω, Ω′, t − t ′) are deter-

mined by the assumed radial distribution of mantle viscosity. The load terms in Eqs. (9) are deter-

mined by the following relations: i.e.,

L (Ω, t) = ρi I (Ω, t) + ρwS (Ω, t)

T (Ω, t) = Ω0a
2

{
ω3 (t)

3
[2Y00 (Ω)− Y20 (Ω)] +

√
2

15
[ω1 (t)− iω2 (t)] [Y21 (Ω)− iY2−1 (Ω)]

}
,

(10)
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in which S (Ω, t) is the relative sea level (RSL) determining the surface load of ocean and floating

ice where C = 1 while vanishing elsewhere, a is the mean radius of the Earth, Ylm (Ω) are the

spherical harmonics of degree and order (l ,m), and

(ω1 (t) ,ω2 (t) ,ω3 (t)) ≈ (0, 0, Ω0)

is the time-varying pseudovector that represents variations in Earth’s rotational state. For ice-

thickness history, I (Ω, t), obtained either from direct construction (e.g., Ii6g for I6G) or from the

solution of suitably approximated Eqs. (2) and (7), S (Ω, t) can be obtained through the iterative

numerical solution of the gravitationally self-consistent SLE: i.e.,

S (Ω, t) = C (Ω, t)

[∫ t

−∞

∫
dt ′
∫

Ω
dΩ′

{
L
(
Ω′, t ′

)
ΓS ,L

(
Ω, Ω′, t − t ′

)
+ T

(
Ω′, t ′

)
ΓS ,T

(
Ω, Ω′, t − t ′

)}
+

∆Φ (t)

g

]
,

(11)

in which ∆Φ (t) follows the time-variation of the world ocean’s gravitational equipotential. ∆Φ (t)

and ωi (t) are determined through the respective enforcement of global mass and angular mo-

mentum constraints in the solution of Eq. (11) (Wu and Peltier, 1984; Peltier and Luthcke, 2009;

Peltier et al., 2012).

For a given hypothesis about ice thickness, empirical validation is achieved by solving (11),

comparing local observations of RSL with S (Ω, t), and comparing local GPS observations of ver-

tical uplift rate with ∂B/∂t (Ω, t) (computed from the numerical differentiation of Eq. (9) for Υ = B).

The time variation of B (Ω, t) also couples to dynamical simulations of I (Ω, t) through Eq. (5) and

other ice-sheet model BCs, and a rigorous and fully coupled methodology would go even further

by adjusting the local flotation criterion (8) to take into account space- and time-variations of grav-

itationally self-consistent RSL, S (Ω, t). For computational tractability in dynamical simulations,

the computation of B (Ω, t) is implified by the assumption that S = Si6g and T = Ti6g in Eq. (9).

This permits only I (Ω) to dynamically influence bottom topography. In the flotation criterion (8),

sea-level variation is everywhere associated with the eustatic component of I6G.

2.4 Greenland and Antarctic Validation Studies

To build confidence in the results producted by the methodology, and establish a starting point

for its application to other continental ice-sheets, SP analyzed how ice-dynamical “smoothing” of

the I6G (VM5a) representations of the Greenland and Antarctic ice-sheets affected the quality

of agreement between observations and model predictions at different nudging time scales, τf .

Greenland and Antarctica were selected as validation cases because their still-existing ice sheets

have to some extent enabled paleoclimate models to be constrained with ice core data, modern
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Figure 2: RSL curves from the τf = 20 yr (red), τf = 100 yr (blue), and τf = 200 yr

(green) Greenland simulations compared to I6G (black) and overlaid on observational

data at the 16 stations discussed in TP02.
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Figure 3: RSL curves from the τf = 20 yr (red), τf = 100 yr (blue), and τf = 200 yr

(green) Antarctic simulations compared to I6G (black) and overlaid on observational

data at the 12 stations discussed in Argus et al. (2014).
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Figure 4: Scatter plot comparing simulated uplift rates from cases with τf = 20 yr

(orange triangles), τf = 100 yr (cyan squares), and τf = 200 yr (blue diamonds) with

I6G (red circles) and with observations at the 42 stations depicted in Figure 5 (grey error

bars spanning data variance).

glaciological measurements, and so on. The SeaRISE modelling initiative has established a cor-

pus of relatively standardized modelling protocols and parameters for studying the past and future

dynamics of these modern ice-sheets (Bindschadler et al., 2013; Nowicki et al., 2013a,b), and our

approach enables us to extend the same “typical” parameter regime to all ice-sheets instead of

attempting, generally with only partial success, to achieve observational fits and error estimates

through the case-specific local adjustment of hundreds of parameters. The local dependence of

solutions upon the nudging parameter, τf , provides for quantitative, intuitive, and systematic esti-

mates of the degree to which ice-sheet dynamics may induce variations about the observationally

validated I6G reconstruction. SP compared “envelopes” of S (Ω, t) and ∂B/∂t (Ω, 0) predictions

from simulations with different τf with the error bars and scatter in RSL and GPS observations of

Greenland and Antarctica. The results of these analyzes are briefly summarized below.

Figures 2 and 3 compare RSL observations with model predictions for Greenland and Antarc-

tica, respectively. Results are shown from 16 Greenland sites and 12 Antarctic sites where the
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Figure 5: Modern vertical displacement rates (in mm/s) computed for Antarctica by

applying the full GIA-SLA theory to I6C (left) and to simulation results with τf = 20 yr

(middle). The right frame shows the difference between the two, and the locations of

the 42 sites at which Argus et al. (2014) compared I6G to GPS observations.

initial fits to the GIA-based reconstruction were considered in the respective studies of Tarasov

and Peltier (2002) and Argus et al. (2014). In addition to reproducing the results from I6G (the

black curves), the Figures show results from nudged simulations with τf = 20yr (the red curves),

τf = 100yr (the blue curves), and τf = 200yr (the green curves). As should be expected on

a priori grounds, curves almost always converge towards the I6G reference solution as τf de-

creases, while the ranges of RSL swept by the selected range of τf values reasonably bracket the

variability suggested by observational error bars and scatter. The predicted extents of dynamical

variability are consistent with the evidence of Figures 2 and 3, which suggest that the Greenland

observations exhibit considerably less variability than their Antarctic counterparts. In the orignal

fitting of the I6G reconstruction of Antarctic ice-thickness history to observations, high-quality GPS

measurements of vertical surface motion at 42 key sites played a more significant role than the

lower-quality RSL proxy measurements appearing in Figure 2. Figure 4 lists the GPS sites by their

original database keys and compares observations of vertical motion (in mm/yr, and bracketted by

grey error bars) with scatter plots of predictions from I6G and from the three nudged simulations.

Nudged ice-sheet dynamics once again converge towards the original reconstruction results as τf
decreases, and the range of vertical uplift rates swept by τf = 200 yr, 100 yr, and 20 yr values once

again reasonably predict the inherent uncertainty in the data.

To get a better picture of the geographical distribution of dynamical variability, one can con-

sider Figures 5 and 6, which show 2-D contour plots comparing vertical motion predictions from
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Figure 6: Modern vertical displacement rate misfits analogous to the right (τf = 20 yr)

frame in Figure 5 for τf = 100 yr (left) and τf = 200 yr (right) nudging time scales.
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Figure 7: Greenland (top row) and Antarctic (bottom row) mass balances from nudging

term, ∆G, for relaxation to I6G with (a) τf = 20 yr (left); (b) τf = 100 yr (middle); and (c)

τf = 200 yr (right).
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I6G and the nudged simulations. Figure 5 compares the I6G prediction (the left frame) with the

τf = 20 yr prediction (the middle frame) and plots the difference between the two in the right frame

along with the site labels corresponding to GPS observations. As shown in Figure 6, the devia-

tions of nudged simulations from I6G grow to more significant amplitude as weaker nudging (i.e.,

increasing τf ) allows for more dynamical variability. While achieving the best fit to I6G, the smallest

(τf = 20 yr) value also carries a “cost” in the sense that it implies the largest nudging mass balance

adjustment, ∆G . Figure 7 depicts contour plots of ∆G at a representative time (t = 60kyr BP) from

the Greenland and Antarctic cases and the three values of τf . In considering a range of τf brack-

etting the variability in the data that was used to fit the I6G reconstruction, one must also consider

whether the implied distribution of ∆G is actually explainable in terms of ice-sheet dynamics, and

in terms of our lack of knowledge thereof. Nudging mass balance adjustments of O(1 m/yr) and

smaller (where O denotes order of magnitude) are generally straightforward to explain in terms

of uncertainty about surface precipitation and ablation under paleoclimate conditions. Figure 7

shows significant regions of both Greenland and Antarctica where the amplitude of ∆G exceeds

this threshold by a considerable amount, but it is crucial to note that these are concentrated near

coastlines, ice-sheet margins, and potential ice streams. These critical regions are subject to

“catastrophic” mass transfers, whose representation in ice-sheet dynamical models is very crude.

The validation experiments therefore indicate the consistency of the I6G reconstruction and of the

methodology that has been applied to extract higher-order ice-dynamical information from it.

2.5 Canadian Ice Sheet Simulation Calibration

The principles that were applied in the Greenland and Antarctic validation studies can be trans-

ferred to the simulation of Canadian ice-sheet evolution. To emphasize presumed universality in

large-scale ice dynamics, the SeaRISE parameter regime is used for all cases in a strategy that

allows for consistent and easily intercomparable analyzes of geographically separated regional pa-

leoclimate scenarios. Representing the analogue of the respective Figures 2 and 3 for Greenland

and Antarctica, Figure 8 compares simulation RSL predictions to I6G at 18 North American sites

that were referenced in the discussion of Peltier et al. (2015). Considering only the τf = 20 yr,

τf = 100 yr, and τf = 200 yr nudging time scales from the validation studies, one sees the dy-

namical predictions agreeing closely with I6G - so closely, in fact, as to make the swept RSL

ranges considerably narrower than the error bars and scatter in the observational data. To better

represent the observational variability with the ice-sheet dynamical model, the ensemble of simu-

lations was expanded to include an even more weakly nudged simulation with τf = 1000 yr. In the

comparison of model-predicted ∂B/∂t (0) with modern GPS measurements at 51 Canadian sites

(shown in Figure 9 as a scatter plot analogous to Figure 4), the ranges of vertical uplift rate swept

by the expanded ensemble respect the inherent error bars in the observations. When only the
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Figure 8: RSL curves from the τf = 20 yr (red), τf = 100 yr (blue), τf = 200 yr (green),

and τf = 1000 yr (orange) North American simulations compared to I6G (black) and

overlaid on observational data at the 18 stations discussed in Peltier et al. (2015).
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Figure 9: Scatter plot comparing simulated uplift rates from cases with τf = 20 yr

(orange triangles), τf = 100 yr (cyan squares), τf = 200 yr (blue diamonds), and

τf = 1000 yr (green inverted triangles) with I6G (red circles) and with observations

at representative stations.
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Figure 10: Modern vertical displacement rates (in mm/s) computed for Canada by ap-

plying the full GIA-SLA theory to I6C (left) and to simulation results with τf = 20 yr

(middle). The right frame shows the difference between the two, and the locations of

the 51 sites at which I6G to GPS observations are compared.

three most strongly nudged (τf = 20 yr, τf = 100 yr, and τf = 200 yr) simulations are considered,

the ice-sheet dynamical results once again agree with I6G much better than I6G agrees with the

observations. Hence, both the RSL and vertical displacement fits provide a rationale for consider-

ing the additional τf = 1000 yr case in order to get a better idea of how the residual errors in I6G

might arise from inadequate dynamical “smoothing.”

Representing the analogues of Figures 5 and 6 for Antarctica, Figures 10 and 11 show con-

tour plots comparing the I6G prediction of modern vertical uplift distribution with results from the

4 nudged simulations (indicating the 51 sites referenced by the scatter plot in Figure 9). From

Figure 10, it can be shown that there is no discrepancy between I6G and the simulation nudged at

τf = 20 yr. Figure 11 shows deviations of significant amplitude appearing only for the τf = 1000 yr

simulation in the rightmost frame. Unlike in the Antarctic results depicted in Figures 5 and 6,

the geographical distribution of dynamically sensitive regions cannot be straightforwardly asso-

ciated with still-existing ice-sheet features like margins and coastal grounding lines. Over the

paleoclimate history of Canada, such structures would have undergone many reconfigurations to

leave a complex signature in modern vertical displacement rate. Figure 12 presents a clearer

picture of instantaneous patterns of dynamical sensitivity by showing, analogously to Figure 7,

the nudging mass balance adjustment, ∆G , at 60 kyr BP for all four simulations. With regards to

the τf = 1000 yr case in the lower-right frame of Figure 12, the amplitudes of anomalous mass

balances fall well within the O(1 m/yr) limit that can be ascribed to uncertainties in surface pre-

cipitation and ablation. Noting that variations in ice-sheet thickness are bounded at O(1 km), it
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Figure 11: Modern vertical displacement rate misfits analogous to the right (τf = 20 yr)

frame in Figure 10 for τf = 100 yr (left), τf = 200 yr (middle), and τf = 200 yr (right)

nudging time scales.

can be anticipated on a priori grounds that nudging at or above this time-scale is straightforwardly

rational in the paleoclimate context. The τf = 100 yr and τf = 200 yr cases (upper right and lower

left frames) exhibit larger adjustment amplitudes, but these can, as in the corresponding Green-

land and Antarctic results, be accounted for in terms of marginal and coastal structures in the

ice-sheet that existed at 60 kyr BP. Such an interpretation becomes problematic only in application

to the τf = 20 yr case (upper left frame), in which the high-amplitude “noise” in the mass balance

adjustment may arise (aphysically) from the “sharp edges” in the (undersmoothed) original I6G

reconstruction.

Even though the τf = 20 yr simulation exhibits signs of undersmoothing, it is logically appro-

priate to retain it in our ensemble for purposes of error estimation. The same considerations apply

at the other end of the spectrum, where closer examination of other fields from the τf = 1000 yr

reveals signs of undersmoothing. While arising from a mass balance adjustment and respecting

the RSL and vertical motion constraints, the solution deviates from reality by showing significant

glaciation persisting to the present day. Based upon the premise that the optimally consistent so-

lution must lie between the over- and undersmoothed extremes, the τf = 100 yr case is selected

as the Canadian “reference” solution while the entire ensemble is used to estimate local variability

using a simple calculation. If Ξ (x, t; τf ) is an arbitrary field from the simulation with nudging time

scale τf , one can estimate ∆Ξ (x, t; 100yr) by using linear least squares fitting over the ensemble

to evaluate the local slope (Ξτf (x, t; τ) for τ = 100 yr) of the following approximation: i.e.,

Ξ (x, t; τf ) ≈ Ξ (x, t; τ) + Ξτf (x, t; τ) (τf − τ)

,

(12)
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Figure 12: North American mass balances from the nudging term, ∆G in simulations

with τf = 20 yr (upper left), τf = 100 yr (upper right), τf = 200 yr (lower left), and

τf = 1000 yr (lower right).
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and then estimating the error as

∆Ξ (x, t; τ) ≈ Ξ (x, t; τ)− Ξ (x, t; 0) = τΞτf (x, t; τ) , (13)

in which Ξ (x, t; 0) is the notional value of the field for a simulation that would instantaneously relax

to I6G in the mass balance.

2.6 Canadian Reference Solution Fields and Variability

After validating the leading order mass balances of nudged ice-sheet dynamical simulations by the

preceding methods, one can query the associated model outputs for physical information that may

be of relevance to nuclear waste repository site assessments and other applications. Owing to

its central role in the preceding discussions, it is natural to begin by considering the ice thickness

field, I , and its associated error, ∆I . The fields from the reference solution are shown in contour

plots in Figure 13 for 4 times spanning the last deglaciation from LGM to present. The contours

of ∆I in the right frames are appropriately more closely spaced than I contours in the left frames,

and are permitted to span negative values. Looking at the distributions of the thick, geographically

contracting ice-sheets in the left frames, one notes that the ice model represents these sharply

delimited structures surrounded by extended regions of thin ice that is some tens of meters thick.

Even after glaciation has almost completely disappeared, this superficial ice cover persists over a

large region of the Canadian Arctic. The “virtual” ice obviously is not a real feature of the present

environment, but the model nevertheless remains consistent because its thickness falls within the

magnitude of the corresponding error estimate.

Beyond simply being consistent with zero ice thickness within error, the superficial ice cover

in the reference solution plays a logically beneficial role by facilitating the representation of basal

phenomenology that would not be captured if the underlying regions were perfectly ice free. Where

ice exists, permafrost thickness may, for instance, be diagnosed from a lithospheric thermal buffer

layer that couples the lower thermodynamic BC of Eqs. 7 to geothermal heat fluxes. Permafrost is

known to be thickest just in those regions with little or no surface ice because the basal frictional

heating action of thick, moving ice sheets tends to thaw frozen ground. Figures 14 and 15 high-

light this effect in respective contour plots of permafrost thickness and basal temperature from the

reference solution (along, once again, with corresponding error estimates). There are clear, sharp

boundaries separating glaciated areas with relatively warm basal temperatures and relatively thin

permafrost layers from periglacial areas with cold basal temperatures and thick permafrost. This

phenomenology would not be captured if the ice-sheet model did not impose a superficial ice cover

over the latter regions. Insofar as the virtual ice shown in Figure 13 covers the modern Canadian

Arctic, it corresponds quite well with the measured extent of year-round permafrost. From what lit-

tle is known about the detailed distribution of permafrost depth, the modern configuration depicted
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Figure 13: Reference solution ice thickness, I (left), and error, ∆I (right), at t = 26 kyr

BP ( LGM), 14.2 kry BP, 9 kry BP, and present.
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Figure 14: Permafrost thickness and corresponding error from the solution referenced

in Figure 13.
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Figure 15: Basal temperature and corresponding error from the solution referenced in

Figure 13.
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in Figure 14 is reasonable.

In regions where thick ice-sheets are present, there is a close dynamical coupling between

heating due to friction, meltwater production, basal sliding, and basal shear stress. The new

PISM-based UofTGSM framework represents these physics in much more detailed fashion than

the version from which the results discussed by Peltier (2006) originated. Complete with cor-

responding error estimates, Figure 16 shows contour plots of basal meltwater production while

Figures 17, 18 show vector plots of basal velocity and shear stress, respectively. Meltwater pro-

duction and basal sliding appear to be localized in a way that suggests ice “streaming” in plausible

locations, while the shear stress vector field shows much less sign of localization. Based upon our

error estimation procedure, the shear stress also appears to be more robustly represented than

velocity, which shows signs of large variability in some regions of rapid sliding (note the relative

scaling between solution and error vector scales in Figure 18).

2.7 Lake Depth

The fields considered in the previous subsection are all accessible as intrinsic elements of ice-

sheet dynamical simulations, which naturally supply all but one of the paleoclimate surface BCs

that NWMO requested for site studies. To achieve logically rigorous predictions of surface lake

depth (the outstanding surface BC), the dynamics of the model would have to be coupled to a

proper dynamical representation of surface watersheds and groundwater. Even though the new

PISM-based UofTGSM framework represents temperate ice with included meltwater and carries a

rudimentary groundwater budget coupled to its basal sliding parameterization, it cannot inherently

predict surface lake depth. Earlier UofTGSM versions used heuristics to diagnose lake depth

predictions that were needed to drive linear groundwater models (McKenzie et al., 2007; Lemieux

et al., 2008a,b), but these techniques were never well validated and cannot be straightforwardly

transferred into the new framework.

However, another heuristic may be devised based upon premises that are easy to explain in

the new logical framework. A discrete depression-fill algorithm by effective nonlinear diffusion can

be expressed in terms of the following steps:

1. Define an ice/solid-surface topography, B∗ ≡ B + I , and smooth it over the numerical mesh

using a simple Laplacian kernel.

2. Define an initial, gravitationally inconsistent water level, W0, everywhere on the surface as

W0 = B∗ + tMM + tG

{
−G if G < 0

0 otherwise,

which amounts to sitting a “bolus” consisting of tM years’ worth of meltwater and tG years’

worth of negative mass balance (typically ice loss) on top of the smoothed topography.
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Figure 16: Basal meltwater production and corresponding error from the solution ref-

erenced in Figure 13.
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Figure 17: Basal velocity and corresponding error from the solution referenced in Fig-

ure 13.
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Figure 18: Vertical basal shear stress and corresponding error from the solution refer-

enced in Figure 13.
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Figure 19: Lake depth and corresponding error from the solution referenced in Fig-

ure 13.
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3. Simulate the gravitational adjustment of W0 by repeatedly iterating through steps 4 through

8 to determine Wi from Wi−1.

4. Visiting each edge in the grid in sequence, compare the average water level of the two

adjacent cells to the topographic height of each cell.

5. If it is greater than both, then set both water levels to the average.

6. If the average water level falls below the bottom of one cell, transfer all of the water in that

cell to the other (steps 4 through 6 locally conserve mass if grid cells are all the same size).

7. After all of the grid edges have been visited for the current iteration, set the water level to

zero at the boundary edges (presuming that there is drainage into a deep recession outside

the domain).

8. Where water level has fallen below 0 (i.e., below sea level), set it to 0 on the presumption

that this cell is covered by ocean, and not by lakes.

This methodology is simplified, but Figure 19 shows that it can diagnose reasonably credible

forecasts of lake occurrences and depths from instantaneous “snapshots” of the ice-dynamical

solution. 200 iterations is generally sufficient to converge to a stable depression fill pattern. tG

was tuned to 3 yr to give reasonable modern Great Lake depths, albeit with some overflow in

smoothed topography falling close to the domain boundary. Occurrences and depths of proglacial

lakes can be tuned more closely by the tM parameter, for which a 100 yr value produces the

illustrated results with credible 9 kyr BP positions and depths for Lakes Agassiz and Ojibway. The

error prediction for the modern solution is not sufficient to encompass the discrepancies, but the

results are acceptable.

3. DISCUSSION

Figures 20 through 22 show composite contour plots of grounded ice elevation, floating ice thick-

ness, and lake depth at the same 36 time-levels that Peltier (2006) used for similar plots. The

netCDF file accompanying this report includes all fields saved as two-dimensional geographic

distributions at the 147 time-levels used by the I6G model. The data is mapped to a polar stereo-

graphic grid with x and y spacings of about 25 km, and the projection parameters are documented

as attributes of the “mapping” variable. Time series may be extracted at the location of any po-

tential Canadian repository site, and Figures 23 and 24 show local comparisons of some results

with corresponding results from Peltier (2006) at the previously studied 4CS site and from Peltier

(2011) at the previously studied 5CS site. Figure 24 includes additional comparisons of bedrock
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Figure 20: Composite contour plots of grounded ice elevation, floating ice thickness,

and lake depth at times considered in Peltier (2006)
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Figure 21: Continuation of Figure 20.
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Figure 22: Continuation of Figures 20 and 21.
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Figure 23: Time series of selected fields at the 4CS site, shown with error margins and

compared with the nn2008 and nn2778 cases of Peltier (2006).
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Figure 24: Time series of selected fields at the 5CS site, shown with error margins and

compared with the nn9921 and nn9930 cases of Peltier (2011).
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Figure 25: Time series of climatological temperature adjustment, ∆T (t), inferred from

the Greenland GRIP ice core (black) and the Antarctic Vostok ice core (red). The

SPECMAP time series of eustatic sea-level change is shown (in blue) along with a ver-

sion corrected for ocean temperature (green) and an estimate based on eustatic sea-

level equivalent I6G ice volume change (in violet). The y-scale for sea levels is shown

on the right axis.
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surface and ice surface elevations that derive from the ice surface through the GIA solution proce-

dure. The error information in the new results (labelled sp2015) is used to plot shaded ranges that

are indicative of the time evolution of local dynamical variability. Figures 23 and 24 show that so-

lutions exhibit signals that have comparable amplitudes and that correllate well with each other in

time, although the amplitudes of differences between solutions (including differences between the

nnxxxx solutions in an ensemble) are comparable to the amplitudes of the solutions themselves.

There is a clear overlap between the time intervals over which the nnxxxx solutions exhibit strong

intermittency and the time intervals over which the new nudged solution ensemble predicts the

greatest dynamical variability (especially in the ice thickness and normal stress fields). Consider-

ing the previously mentioned difficulty of estimating lake depth and the improvements that have

been made to the representation of physics at the base of the ice-sheet, variations in the detailed

characteristics of the corresponding time-series are understandable. For purposes of the present

discussion, the most notable difference between the Peltier (2006, 2011) solutions and the latest

UofTGSM results is in the fact that the former predict a rapid, intermittent sequence of glaciations

and deglaciations at the 4CS and 5CS sites while the latter predict a “smoother” progression of

increases and decreases in land-ice thickness over the last 100kyr glacial cycle.

The relatively “smoother” temporal evolution seen in the new sp2015 solutions may be under-

stood in relation to the plots in Figure 25, which compares ice core-based inferences of surface

temperature variation with records of eustatic sea-level variation. ∆T (t) estimates are from the

GRIP ice core site in Greenland (Johnsen et al., 1997, in black) and from the Vostok ice core site

in Antarctica (Petit et al., 2001, in red), while eustatic sea-level estimates are from the SPECMAP

data set (Imbrie and McIntyre, 2006, in blue), from an alternative version corrected for variations

in ocean temperature (Waelbroeck et al., 2002, in green), and from the eustatic component of the

I6G reconstruction (in violet). Since the freezing and melting of the Canadian ice-sheets repre-

sents the dominant contribution to global sea-level change over the last glacial cycle, the absence

of strong intermittency in all of the eustatic sea-level records contradicts the sporatic ice cover

predicted by the simulations of Peltier (2006, 2011). By nudging the new simulations towards

I6G, we limit the extent to which ice-sheet dynamics are influenced by the much higher frequency

temporal variability that is evident in ice core-based temperature inferences. Since it is inherently

questionable to make assumptions about temperature variation across North America based upon

an isolated ice core record from Greenland, the “smoothness” of the new results is very likely to

be more realistic than the intermittency seen in previous results. Intermittent glaciation prior to

LGM remains a statistical possibility because observational constraints apply mostly to deglacia-

tion since LGM, but the absence of “smoothly” glaciated cases from the nnxxxx ensembles was a

shortcoming that has now been addressed.

The base methodology was justified in detail in the main section of this Report and in other

literature, and the remaining discussion clarifies how the newly established framework consititutes
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a sound bases for further exploration and development of the dataset. The preceding compar-

isons of time-series at the 4CS and 5CS sites show how nudging supplies a much more practical

basis for estimates of error and uncertainty than the application of Bayesian calibration to model

parameters. The new ice-sheet modelling framework consistently agrees with observations on the

assumption of widely used and reasonable parameter choices, but does not invalidate the earlier

approach behind the datasets of Peltier (2006). When simulation ensembles automatically sup-

press inconsistent solutions of the kind that are bound to arise with random parameter sweeps,

it becomes more straightforward to apply any technique that analyzes the effects of parameters

beyond the nudging time scale τf upon the detailed qualities of results in the main Report section.

Additional parameter studies are a natural avenue for further research, and it is, moreover, evi-

dent from results discussed herein, in SP, and elsewhere that I6G itself supplies an imperfect and

non-unique fit to the ever expanding array of observations constraining historical glaciation. Such

analyzes may shed light upon the even greater uncertainties that limit model-based predictions of

potential future glaciation in the context of natural and anthropogenic climate change. Discounting

the long-term effects of greenhouse gas emissions and considering astronomically determined

orbital insolation characteristics, Peltier (2011) estimated that a re-glaciation of the Canadian land

mass would be possible approximately 60 kyr from now. Subsequent extensions of this analysis

have revealed a second, more likely expansion of land-ice cover beginning around 125 kyr in the

future. Further work is needed to ascertain how these scenarios would be affected by other, less

predictable climate variations.

4. SUMMARY AND CONCLUSIONS

By nudging to the observationally consistent I6G ice-thickness history, an advanced ice-sheet

model has been tuned to provide empirically consistent paleoclimate dynamical BCs and associ-

ated error estimates. The methodology has been validated with respect to the still-existing Green-

land and Antarctic ice-sheets, and then applied to the generation of a dataset describing Canadian

ice-sheets over the last 100 kyr glacial cycle. While remaining consistent in the leading-order sense

with the methodology and results of Peltier (2006), the new work incorporates improvements that

can be broadly summarized in terms of the following points:

• The version of the UofTGSM used to produce the new dataset reflects the current state-of-

the-art in physical understanding and numerical technology, and includes many advances

over Peltier (2006) (e.g., coupling SIA-based ice-sheet dynamics to an SSA-based ice-shelf

approximation; improving representations of calving and glacial-till related processes; using

enthalpy-based thermodynamics to represent ice-water mixtures at melting point; etc.).

• The observations that have gone into tuning the I6G ice-sheet thickness histories (and there-
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fore, indirectly, the nudged simulations) include many new measurements that did not exist at

the time Peltier (2006) was submitted (e.g., GPS and satellite measurements and exposure-

age dating results).

• Without contradicting the logic supporting Bayesian parameter selection, the nudging pro-

cedure provides a more practical and empirically workable framework for local error esti-

mation. Bayesian techniques will be of use in more refined explorations of observationally-

constrained model parameter spaces.

• The new dataset fully represents model-derived physical quantities as time-varying distribu-

tions over the North-American continent.
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APPENDIX A: CD ARCHIVE OF TIME SERIES

The CD that accompanies this report includes the time-varying distribution of model-derived phys-

ical quantities described in Section 2.6.


